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Resumen

Modelización de las distribuciones diamétricas en masas de abedul (Betula alba L.) y de roble (Quercus robur L.) en el nor-
oeste de España con la distribución beta

Se han modelizado con la distribución beta las distribuciones diamétricas de 125 y 172 parcelas permanentes instaladas respecti-
vamente en masas puras de abedul (Betula alba L.) y de roble pedunculado (Quercus robur L.) en Galicia (noroeste de España). Se ha
empleado el método basado en los momentos de la distribución para ajustar el modelo a las distribuciones reales de frecuencias rela-
tivas de árboles, considerando los siguientes estadísticos en la comparación de resultados: sesgo, error medio absoluto, error medio
cuadrático y número de parcelas rechazadas por el test de Kolmogorov-Smirnov (KS). En los ajustes de la función, el porcentaje de
rechazos por el test KS fue del 0,8% del número total de casos en las masas de abedul y de un 1,2% en las masas de roble peduncu-
lado, con un nivel de significación del 5%.

A continuación los parámetros de la distribución fueron recuperados con modelos de recuperación de parámetros (PRM) a partir
del primero y del segundo momento de la distribución (diámetro medio y varianza, respectivamente). Los extremos de la función (diá-
metro mínimo y máximo de las distribuciones) fueron modelizados con modelos lineales sencillos, empleando variables de masa fáci-
les de obtener de las tablas de producción existentes para las especies en el noroeste de España (diámetro medio cuadrático, altura
dominante, número de pies por hectárea, edad, área basimétrica e Índice de Hart-Becking). Los modelos recuperados y calibrados en
masas de Quercus robur L. fueron más precisos en términos del error medio cuadrático (con un valor medio de 0,00055 en frecuen-
cias relativas del número de árboles). Sin embargo, los modelos fueron más precisos en las masas de Betula alba L. en términos de
rechazos por el test de Kolmogorov-Smirnov: 21 parcelas rechazadas en masas de abedul (16,8% del total de parcelas) y 33 parcelas
en masas de roble (19,2% del total).

Palabras clave: Modelo de clases diamétricas, método de los momentos, modelo de recuperación de parámetros, Galicia.

Abstract

The diameter distribution of 125 and 172 permanent plots installed respectively in birch-dominated (Betula alba L.) and peduncu-
late oak-dominated (Quercus robur L.) stands in Galicia (northwest Spain) were modelled with the beta distribution. The method based
on the moments of the distribution was used to fit the model to real distributions of relative frequencies of trees with the following sta-
tistics considered in the comparison of results: bias, mean absolute error (MAE), mean square error (MSE) and number of plots rejec-
ted by the Kolmogorov-Smirnov (KS) test. In the fits of the function, the percentage of rejections by the KS test was 0.8% of the total
number of cases in birch stands and 1.2% in pedunculate oak stands, at a significance level of 5%.

Then, the parameters of the distribution were recovered with the parameter recovery models (PRM) from the first and the second
moments of the distribution (mean diameter and variance, respectively). The extremes of the function (minimum and maximum diameters
of the distributions) were modelled with simple linear models, with stand variables easily obtained from yield tables for the species in north-
west Spain (quadratic mean diameter, dominant height, number of trees per hectare, age, basal area and the relative spacing index). The
models recovered and calibrated in Quercus robur L. stands were most accurate in terms of MSE (with a mean value of 0.00055 in frequency
of trees per one). However, the models were more accurate in Betula alba L. stands in terms of the number of rejections by the Kolmogo-
rov-Smirnov test: 21 plots rejected in birch stands (16.8% of the total of plots) and 33 plots in pedunculate oak stands (19.2% of the total).
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1. Introduction

Birch (Betula alba L.) and pedunculate oak (Quercus
robur L.) forests are valuable natural resources in north-
west Spain. Birch stands currently cover 49,000 ha in
northwest Spain, with 32,000 ha in Galicia (Xunta de
Galicia, 2001) and 17,000 ha in the adjoining region of
Asturias (INDUROT, 2001). Nowadays, birch is the
fifth most abundant species in terms of number of trees
in Galicia, after Eucalyptus globulus, Pinus pinaster,
Quercus robur and Quercus pyrenaica.

Birch appears as the dominant species in these
stands, which are mainly derived from natural regenera-
tion, frequently on abandoned land, and occasionally
from plantations. The total volume of Galician birch
stands is nearly 3 million m3, which represents 2.3 % of
the total wood produced in the region (Xunta de Galicia,
2001), with an annual harvest volume of 17,000 m3 in
the period 1995-2001. 

Stands in which pedunculate oak dominates cover
204,000 ha in NW Spain, with 188,000 ha in Galicia
(Xunta de Galicia, 2001) and 16,000 ha in Asturias
(INDUROT, 2001), and are mainly derived from natural
regeneration. Quercus robur is the third most abundant tree
species in Galicia (Xunta de Galicia, 2001), with an annual
harvest volume of 74,500 m3 in the period 1995-2001.

Development of growth models for the species
(Barrio-Anta and Álvarez González, 2005; Barrio-Anta
and Diéguez-Aranda, 2005; Rojo et al. 2005; Diéguez-
Aranda et al., 2006; Gorgoso et al. 2007) enables pro-
motion of the productive and protective aspects of both
species in northwest Spain. Diameter class models
allow planning of various uses and provide data about
stand structure. These models are used to estimate stand
variables and their structure with a density or distribu-
tion function, which is fitted to diameter distributions at
breast height (1.3 m) or individual tree volume.

Forest managers are interested, for example, in being
able to estimate the number of trees in different diame-
ter classes in a stand, because the size of the diameter
determines the industrial use of the wood and thus the
price of the different products. Diameter distributions
also provide information about stand structure, age
structure, stand stability, etc. and enable the planning of
silvicultural treatments. Furthermore, tree diameter is
an important factor in harvesting because it determines
the type of machines used and how they perform during
felling and transportation of the wood.

The first mathematical description of a specific form
of the diameter function in all-aged forest was provided

by DeLiocourt (1898). He found that plotting the num-
ber of stems against equal-diameter classes as a fre-
quency histogram results in a reverse J-shaped curve.
Field studies in virgin and old-growth forest have con-
firmed the utility of the negative exponential model
(Meyer and Stevenson, 1943; Meyer, 1952; Lorimer,
1980; Leak, 1996), although there are occasionally
small changes in the decreasing curve (Westphal, 2006).
Diameter class models also have been applied to even-
aged stands. In this case the frequency histogram in a
diametric range is similar to the Gauss distribution but
with a different shape because of the skewness and the
kurtosis of the corresponding curve. 

Various distribution functions have been used to des-
cribe and predict stem frequency in even-aged and une-
ven-aged stands, such as the normal (Bliss and Reinker,
1964), gamma (Nelson, 1964), Gram-Charlier (Schnur,
1934), Johnson’s SB (Johnson and Kitchen, 1971; Kno-
ebel and Burkhart, 1991; Kamziah et al., 1999) and
Weibull function (Zhang et al., 2003; Liu et al., 2004).
The popularity of the latter is based on its relative sim-
plicity and flexibility (Bailey and Dell, 1973).

The beta density function was used by Zöhrer (1969
and 1970) due it had the considerable advantage of
being simple, highly adaptable and practically any form
of diameter distribution can be described, and also was
used by authors as Lenhart and Clutter (1971), Loetsch
et al. (1973) and Maltamo et al. (1995). Furthermore,
this density function was used in the first models in
which the function parameters were related to stand
variables, in Pinus elliottii Engelm stands in Georgia
(Clutter and Bennett, 1965).

Li et al. (2002) modelled the bivariate generalized
beta distribution (GBD-2), which was more flexible and
accurate than the bivariate Johnson’s SBB distribution for
modelling diameters and heights in Pseudotsuga men-
ziesii stands in Idaho, United States. Wang and Rennolls
(2005) also found the beta function to be more accurate
than the Johnson’s SB distribution in Cunninghamia lan-
ceolata stands and concluded that this function can
cover a wide range of skewness and kurtosis.

In Spain the goodness of fit of the beta distribution
was compared with other distributions by Álvarez-Gon-
zález (1997) in Pinus pinaster Ait. stands in Galicia
(northwest Spain). Gorgoso (2003) compared the accu-
racy of the beta, Weibull and Johnson´s SB functions fit-
ted to diameter distributions of Betula alba L. stands in
this region. Palahí et al. (2007) compared the beta func-
tion with other distributions for fitting diameter distri-
butions in forests stands in Catalonia (northeast Spain).
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Two different methods have been developed for
modelling parameters with stand variables (Hyink
and Moser, 1983): Parameter prediction models
(PPM) and parameter recovery models (PRM). Para-
meter prediction models (Torres-Rojo et al., 2000;
Cao, 2004) relate the parameters of a distribution
function and stand variables by use of simple linear
models. Parameter recovery models (PRM) were
developed to improve the estimates obtained with the
PPM models, and relate stand variables to percentiles
(Bailey et al., 1982; Cao and Burkhart, 1984) or
moments (Lindsay et al., 1996; Río, 1999) of the dia-
meter distribution.

The purpose of this study was to calibrate a general
diameter distribution model based on a beta distribu-
tion and a parameter recovery approach by application
to 125 Betula alba L. and 172 Quercus robur L
stands. The parameters of the function were recovered
from the first and the second moments of the distribu-
tion (mean diameter and variance, respectively) and
the extreme superior and inferior values of the distri-
butions were predicted with stand variables that are
easy to obtain from existing yield tables for the spe-
cies in northwest Spain (Barrio-Anta, 2003; Rojo et
al., 2005).

Materials and methods

Data set and processing

The data used to develop the diameter distribution
models were obtained from a total of 125 research
plots in even-aged Betula alba L. stands and 172 in
even-aged Quercus robur L. stands throughout Gali-
cia (northwest Spain). The size of the plots ranged
from 200 m2 to 1,000 m2 in birch stands and from 225
m2 to 1,345 m2 in pedunculate oak stands (depending
on the stand density), in order to achieve a minimum
of 30 trees per plot. The plots were established in
dominant stands (more than 85% of species standing
basal area), and were established to cover a wide
variety of combinations of age, number of trees per
hectare and site.

All trees in each plot were numbered. Two perpendi-
cular diameters at breast height were measured with
callipers, to the nearest 0.1 cm, and the arithmetic ave-
rage was calculated. The empirical data represent left-
truncated distributions, as the smallest diameter measu-
red in the field was 5 cm (trees smaller than this limit

were not considered). A total of 10,386 diameter measu-
rements in birch stands and 10,248 in oak stands were
available for analysis. Furthermore, the heights of a ran-
dom sample of 30 trees in each plot were measured and
the mean height calculated. Moreover, dominant trees
were measured in each plot and dominant height was
calculated from the percentage of the 100 thickest trees
per ha (Assmann, 1970). Age was estimated (only in
birch stands) by counting growth rings in samples
extracted from some stems. 

The following stand variables were calculated from
the inventory data: quadratic mean diameter, mean dia-
meter, minimum diameter, maximum diameter, number
of trees per hectare, basal area, dominant height and the
relative spacing index. Age was only estimated in birch
stands. Summary statistics including mean, maximum
and minimum values and standard deviation of the main
stand variables are shown in Table 1.

Fitting methods

The general expression of the beta distribution for a
random variable x is the following:

where x is the diameter at breast height and it is assu-
med to be continuous, f(x) is the density associated with
diameter x, U is the upper limit of the beta distribution,
L the lower limit of the beta distribution, c is the scaling
factor of the function, and α and γ are, respectively, the
first and the second exponents that determine the shape
of the distribution. The diameter classes were conside-
red of size equal to 1 cm.

Firstly, the parameters α, γ and c were estimated for
both species by fitting the diameter distribution in each
plot. The upper limit U was considered as the maximum
diameter inventoried in each plot, and the lower limit L
was equal to the minimum diameter of the plot. Zöhrer
(1969, 1970) and Loetsch et al. (1973) proposed similar
values using truncated distributions. 

Fitting method based on the moments of the distribution 
The method of fit was firstly used by Loestch et al.

(1973) and more recently by other authors such as Mal-
tamo et al. (1995) and Palahí et al. (2007). Parameters
of the function are obtained from first and second
moments of the distributions, mean diameter ( d ) and
variance (s2):

)x-(U)L-(xc=(x)f Ux ≤L ≤           (1)
x = 0, elsewhere
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striking difference between the two distributions was
the Dn value of the KS test:

where F(xi) is the cumulative frequency distribution
observed for the sample xi (i = 1, 2, ..., n) and F0(x) the
probability of the theoretical cumulative frequency dis-
tribution. Diameter classes of 1 cm were chosen. The
value obtained was compared with the approximation
proposed by Miller (1956), and the significance level
was established at 5% with the following expression:

where Ln is the natural logarithm, α the significance
level and n the number of trees inventoried in each plot.

Modelling distribution parameters 
with stand variables

Parameters fitted by the method based on the
moments of the distribution were recovered with para-
meter recovery models (PRM). With this method the
mean diameter and the variance must be known (first
and second order moments of the distribution, respecti-
vely). The variance was estimated with the following
expression:

The mean diameter ( d ) was related to the quadratic
mean diameter (dg), disaggregated from yield tables for
birch stands (Rojo et al., 2005) and pedunculate oak
stands (Barrio-Anta, 2003) in northwest Spain, and
other stand variables that can be obtained from yield
tables or from the stand density management diagram
for even-aged pedunculate oak stands (Barrio-Anta and
Álvarez-González, 2005). Models in which mean dia-
meter estimated is always smaller than quadratic mean
diameter were used:

where x is the vector of independent stand variables in a
fixed instant and β is the vector of parameters to be esti-
mated.

where:

and U and L equal the maximum and minimum diame-
ters inventoried.

The parameter c was estimated as:

If the integral is resolved:

where Γ(i) is the Gamma function in the point i.

Method comparison

The fitting method consistency was evaluated by the
bias, mean absolute error (MAE), and mean square
error (MSE), with the following expressions:

where Yi is the observed value, Ŷi is the theoretical value
predicted by the model and N is the number of data
points.

Mean square error (MSE), mean absolute error
(MAE) and bias were calculated for each fit in mean
relative frequency of trees per one for all diameter clas-
ses and plots.

Each fit was also tested with the Kolmogorov-Smir-
nov (KS) test. This test compares the cumulative estima-
ted frequency with the observed frequency. The most
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tendency towards underestimation of the real distribu-
tions. The mean values of MSE for each diameter clas-
ses are shown in Figure 1b. The MSE values in the
lowest diameter class in birch stands were high, with the
maximum in the diameter class equal to 15.5 cm becau-
se the number of data was greater for this species in this
diameter range (see Figure 2). In the largest diameter
class the value of MSE was higher in pedunculate oak
stands. This is important because of the greater econo-
mic value of the products in the largest diameter class.

Modelling the parameters of the function 
with stand variables

Mean diameter ( d ) was modelled with stand varia-
bles for both species with the following expressions:

where dg is the quadratic mean diameter in cm, H0 is the
dominant height in m and t is the age in years. Number
of trees per hectare also was included in the models but
it was not significant at a level of 5%. 

The variance was calculated with equation [14]. The
lower limit L and the upper limit U of the distributions
were modelled with the following expressions:

where dg is the quadratic mean diameter in cm, H0 is the
dominant height in m, t is the age in years, G is the basal
area in m2·ha-1, N is the density in trees·ha-1 and RS is
the relative spacing index.

The results obtained for the total mean values of bias,
MAE, MSE and number of rejections by the KS test
after modelling the parameters of the beta distributions
recovering the parameters with the method of the
moments are shown in Table 3. The results are worse
than in the fits of the function to real distributions in the
two species, and the mean values of bias, MAE and
MSE were higher. The number of rejections by the KS
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The upper limit U and the lower limit L of the distri-
butions were modelled with simple linear models that
relate the minimum and maximum diameters with stand
variables that are easy to obtain from the yield tables of
the species. These variables are quadratic mean diame-
ter (dg), dominant height (H0), basal area (G), age (t)
(only in birch stands), number of trees per hectare (N)
and the relative spacing index (RS).

Stepwise regression was done in the linear models to
include the independent variables. The accuracy of the
models was tested with the adjusted determination coef-
ficient (R2

adj ):

where Yi, Ŷi and Y, and are, respectively, the observed,
predicted and mean values of the dependent variable; N
is the number of the data points in the fit and p is the
number of parameters to be estimated.

Colinearity of the independent variables was conside-
red and in all cases and the variance inflaction factor
(VIF) was lower than 10 (Ryan, 1997). Finally, the
general diameter distribution model was calibrated for
each plot.

Results

Fits of the function

The mean values of bias, mean absolute error (MAE)
and mean square error (MSE) in relative frequency of
number of trees per one, and the number of plots rejec-
ted by the Kolmogorov-Smirnov (KS) test in the fits are
shown in Table 2.

The lowest value of MSE was obtained with pedun-
culate oak stands but the MAE and the bias were higher
than for birch stands. The rejections by the KS test were
similar in the fits for both species, and were rejected
0.8% of the total of plots in birch stands and 1,2 % in
pedunculate oak stands, at a significance level of 5%.

The changes in the mean value of bias and MSE in
each diameter class for both species in the fits are
shown in Figure 1 (a and b).

The values of bias were close to zero, and a similar
mean value was obtained for both species (0.00057 for
oak stands and 0.00046 for birch stands). This implies a
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test increased from 1 plot (0.8%) to 21 plots (16.8%) in
birch stands and from 2 plots (1.2%) to 33 plots (19.2%)
in pedunculate oak stands.

The mean values of bias and the MSE in each dia-
meter class when the parameters of the beta distribu-
tion were recovered with the method of the moments
are shown in Figure 3 (a and b). Values of bias were
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always close to zero, except in the smallest diameter
class in which the real frequencies were underestima-
ted. The MSE decreased in the largest diameter classes
in both species. The observed distributions, the beta
distribution fitted by the moments approach and the
beta distribution modelled with stand variables in
some plots of Betula alba and Quercus robur are
shown in Figure 4.

Discussion

The modelling data used in the study reflect the com-
plexity and heterogeneity of birch and pedunculate oak
stands in northwest Spain. All plots contained enough
trees to enable describe and predict the diameter distri-

Variable Mean Maximum Minimum Standard
deviation

Quadratic mean
diameter (cm)

14.1 23.2 7.4 3.5

Mean diameter (cm) 13.5 22.5 7.1 3.5

Minimum diameter
(cm)

6.4 14.0 5.0 2.0

Maximum diameter
(cm)

23.9 48.2 11.9 6.9

Density (trees·ha -1) 1793.3 6000.0 390.0 1134.3

Age (years) 30.1 60.0 12.0 9.4

Dominant height
(m)

15.0 23.8 7.2 3.6

Basal area (m2 ·ha -1) 24.6 66.5 3.3 10.7

Betula alba
L .

(N=125)

Relative spacing
index

19.3 59.2 8.3 8.7

Quadratic mean
diameter (cm)

21.9 40.0 8.6 6.1

Mean diameter (cm) 20.7 37.8 8.0 6.0

Minimum diameter
(cm)

8.5 25.5 5.5 3.4

Maximum diameter
(cm)

37.9 71.5 16.5 9.8

Density (trees·ha -1) 873.9 3,022.2 302.2 481.6
Dominant height
(m)

17.0 25.6 7.2 3.3

Basal area (m2 ·ha -1) 28.3 72.9 3.4 9.2

Quercus
robur L.

(N=172)

Relative spacing
index

22.2 50.4 12.7 5.3

Table 1. Summary of main stand variables for the samples used for modelling

Bias MAE MSE KS %

Betula alba 0.00046 0.01372 0.00047 1 0.8

Quercus robur 0.00057 0.01403 0.00042 2 1.2

Table 2. Mean values of bias, mean absolute error, mean square
error in number of trees per one and number of plots rejected by
the KS test (α = 0.05) for the fits with the beta distribution



butions by the size of the plots and the number of trees
per hectare of the stands.

Pedunculate oak stands derived from natural regene-
ration and thinnings were not carried out. Nevertheless
only a few structures of diameter distributions have the
typical J-shaped curve corresponding to natural forest,
because the species is shade intolerant in the region
(Ruíz de la Torre, 1979). Therefore, even-aged stands
with a diameter distribution similar to a Gauss distribu-
tion are more abundant. 

Birch stands are mainly derived by natural regenera-
tion (66% of plots) and in some cases by planting (33%
of plots); this species is also considered as shade intole-
rant in the area (Rothmaler and De Carvalho e Vascon-
cellos, 1940), so the stands are mainly even-aged. Low
thinnings have been applied in some cases so there are
also a few stands with diameter distributions that follow
a J-shaped curve.

One method of fitting the beta distribution was used.
Fewer methods of fit have been described for this func-
tion than for Weibull or Johnson´s SB distributions. The
lowest value of MSE in the fits was obtained in pedun-
culate oak stands. This statistic must be considered
more closely than the bias because large errors with a
different sign can be compensated for (overestimations

and underestimations of the real distributions). In both
species the MSE was higher in the diameter class with
the largest number of data. The low number of rejec-
tions in the fits by the KS test indicates that the beta dis-
tribution is a suitable model for describing the diameter
structure of both species.

As regards the modelling of the parameters, the
models that predicts the lower and the upper limits of
the distributions are more accurate in birch stands
(equations [19 and 20]), because they include a larger
number of variables (dg, N, G, RS, H0) and because the
range of the data and the variability is lower. In pedun-
culate oak stands the stepwise regression only included
one independent variable: the quadratic mean diameter,
and the adjusted determination coefficient (R2

adj) was
smaller than in birch stands (equations [21 and 22]). The
poorest estimation was parameter L in Quercus robur
stands because R2 = 0.347.

Maltamo et al. (1995) modelled parameters L and U
of the beta distribution in Pinus sylvestris and Picea
abies stands in the centre and east of Finland. In Pinus
sylvestris stands parameter U was related to stand varia-
bles with a model that explained 79% of the variability.
For Picea abies stands the model provided an R2 value
of 0.52 for modelling of this parameter. For modelling
parameter L a linear model was obtained with an adjus-
ted determination coefficient of 0.79 in Pinus silvestris
stands and 0.83 for Picea abies.

The decrease in MSE in the largest diameter classes
was due to the smaller number of trees (in some diame-
ter class there were no trees). In many cases the upper
limit of the distribution U modelled with stand variables
was lower than the real limit of the distribution, and the
model therefore predicted zero values (see Figure 4).
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Bias MAE MSE KS %

Betula alba  L. 0.00216 0.01527 0.00065 21 16.8

Quercus robur  L. 0.00261 0.01495 0.00055 33 19.2

Table 3. Mean values of bias, mean absolute error, mean square
error in number of trees per one and number of plots rejected by
the KS test (α = 0.05) for the modelling of the parameters of the
beta distribution with the method of the moments

Bias in the fits

-0.01

-0.005

0

0.005

0.01

0.015

0.02

5.5 12.5 19.5 26.5 33.5 40.5 47.5 54.5 61.5 68.5
DBH (cm)

B
ia

s

Moments Oak

Moments Birch

MSE in the fits

0
0.0002
0.0004
0.0006
0.0008

0.001
0.0012
0.0014
0.0016

5.5 12.5 19.5 26.5 33.5 40.5 47.5 54.5 61.5 68.5

DBH (cm)

M
S

E

Moments Oak

Moments Birch

Figure 1 (a and b). Mean values of bias and MSE in number of trees per one in each diameter class, obtained in the fits of the
beta distribution.



This is more appropriate in stands in which there are a
small proportion of trees of other species in the largest
diameters of the stands, as with a small percentage of
birch stands in which a few specimens of Quercus robur
and Castanea sativa were included in the largest diame-
ter classes.

Predictions for the smallest diameter class were not
very accurate, and large underestimates of the real dis-
tributions were obtained. This was probably because the
lower limits of the distributions are difficult to model. In
some stands, better results would perhaps be obtained if
the lower limits of the distributions L were fixed as a
fraction of the minimum diameter or zero. However,
Zöhrer (1969, 1970) and Loetsch et al. (1973) fixed L
in truncated distributions as the lower limit of the sma-
llest diameter class, (for example 7.5 cm in a plot in

Norway spruce and 11 cm in a stand in Pinus radiata).
In this works, the optimum values for the parameter U
were optimized, with or without extensions of the upper
limit of the biggest diameter class. Li et al. (2002) show
diameter distributions fitted with the bivariate generali-
zed beta distribution in Pseudotsuga menziesii stands
without extensions of the biggest diameter class.

The two-parameter Weibull function (where the situa-
tion parameter a equals zero) was used to model the same
diameter distributions of Betula alba L. stands in north-
west Spain (Gorgoso et al., 2007) and the parameters
were recovered with the method of the moments. The
mean value of the MSE in number of trees per one was
0.0041 utilizing only diameters greater than the minimum
diameter inventoried to scale the frequencies, which is
higher than the beta distribution in both species, and the
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ter recovery models.



number of rejections by the KS test was 48 plots at signi-
ficant level of 20% (with this significance level the rejec-
tions with the beta distribution would be 29 plots in birch
stands). Palahí et al. (2007) obtained better goodness of

fit with the truncated Weibull than the beta distribution
fitted by the method of the moments in forest stands in
northeast Spain. Nevertheless they did not recovery the
parameters of the beta function. 

Modelling diameter distributions 279

DBH (cm)
DBH (cm)

B. alba: plot 4BAL

0

50

100

150

200

250

300

6.5 8.5 10.5 12.5 14.5 16.5 18.5 20.5 22.5
DBH (cm)

N
 (

tr
e

e
s

/h
a

)

N observed
N fitted
N modelled

B. alba: plot 5BA

0
20
40
60
80

100
120
140
160
180
200

7.5 11.5 15.5 19.5 23.5 27.5 31.5 35.5 39.5
DBH (cm)

N
 (

tr
e

e
s

/h
a

)

N observed
N fitted
N modelled

B. alba: plot 1CCA

0
20
40
60
80

100
120
140
160
180
200

5.5 7.5 9.5 11.5 13.5 15.5
DBH (cm)

N
 (

tr
e

e
s

/h
a

)

N observed
N fitted
N modelled

Q. robur: plot M04

0
50

100
150
200
250
300
350
400

5.5 8.5 11.5 14.5 17.5 20.5 23.5 26.5
DBH (cm)

N
 (

tr
e

e
s

/h
a

)

N observed
N fitted
N modelled

Q. robur: plot E19

0

10

20

30

40

50

60

9.5 13.5 17.5 21.5 25.5 29.5 33.5 37.5 41.5
DBH (cm)

N
 (

tr
e

e
s

/h
a

)

N observed
N fitted
N modelled

Q. robur: plot M24

0

20

40

60

80

100

120

6.5 9.5 12.5 15.5 18.5 21.5 24.5 27.5 30.5
DBH (cm)

N
 (

tr
e

e
s

/h
a

)

N observed
N fitted
N modelled

Figure 4. Observed diameter distributions, fitted beta distribution by the moments approach and modelled beta distribution with
stand variables in three plots of Betula alba stands and three plots of Quercus robur stands.



Li et al. (2002) compared the bivariate generalized
beta distribution with the bivariate Jhonson´s SBB distri-
bution for simultaneous modelling of diameter and height
distributions of Pseudotsuga menziesii in Idaho. The
bivariate beta function was more accurate than the biva-
riate Johnson´s SBB distribution. In this study, beta and
Johnson´s SB distributions were fitted and the goodness
of the fits was tested with the χ2 test, which in the beta
distribution rejected 11.6% of the plots (5 of a total of 43)
at a significance level of 5%. The same test rejected a
23.3 % of the plots with the Johnson´s SB distribution. 

Conclusions

The method based on the moments of the beta func-
tion is suitable for fitting diameter distributions of birch
(Betula alba L.) and pedunculate oak (Quercus robur
L.) stands in northwest Spain. The extremes of the dis-
tributions were modelled more accurately with stand
variables in birch stands. For calibrating the general
model, the accuracy was less than in the fits of the func-
tion to the real diameter distributions of both species.
The results of the calibrating were better in terms of
MSE for Quercus robur stands, although there were
fewer rejections by the KS test for Betula alba stands.
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